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Abstract 

The purpose of this paper is to compute the Drinfel'd polynomials for two types of 
evaluation representations of quantum affine algebras at roots of unity and construct 
those representations as the submodules of evaluation Schnizer modules. Moreover, 
we obtain the necessary and sufficient condition for that the two types of evaluation 
representations are isomorphic to each other. 

1 Introduction 

For a generic q, let U q (g) be the quantum algebra associated with a simple Lie algebra 
g and U q {g) be the non-twisted quantum loop algebra of g. It is known that every finite 
dimensional irreducible U q (g) (resp. U q (g)) modules are highest weight module and classified 
by highest weights. Moreover, there exists one to one correspondence from the set of their 
highest weights to Z™ (resp. polynomials Co[i]"), where Z + := {0, 1, 2, • • • } (resp. Co[t] := 
{P £ C[t] | P is monic and P(0) ^ 0}). The theory of finite dimensional £/ g (g)-modules is 
introduced in We denote the U q (g) (resp. U q (g)) module corresponding to A G Z™ (resp. 
P £ C [t] n ) by V q (X) (resp. V q (P)), where the polynomial P of V q (P) is called "Drinfel'd 
polynomial" . 

In the case g = s[„+i, there exist C-algebra homomorphisms ev+,ev~ : U q (sl n +i) — > 
U q (sl n+ i) for a £ C x (see QB], [7]). By using these homomorphisms, we can regard V q (X) as 
a J7 g (s[„ + i)-module, which are called "evaluation representations" and denoted by V q (X)^ . 
By the classification theorem of finite dimensional C/ 9 (s[ n +i)-modules( J5J), there exists a 
unique polynomial P^ £ Co[t] n such that V q (X)^ is isomorphic to V q (P^ ) as a U q (sl n +i)- 
module respectively. The Drinfel'd polynomials Pj are computed by Chari and Pressley in 
0. In this paper, we shall consider evaluation representations at roots of unity. 

Let e be a primitive Z-th root of unity. The representation theory of quantum algebras 
at roots of unity is divided into two types. One is for U e (g), U e (g) defined by De Concini- 
Kac (=non-restricted type) in an d the other is for J7J os (g), U* cs (g) defined by Lusztig 
(=restricted type) in [T7|. 

U* CB (g) (resp. U* cs (g)) has the C-subalgebra U^ n (g) (resp. U^ n (g)) which is called "small 
quantum algebra" . By the tensor product theorem (see ^7], JOI): m order to understand the 
representation theory of U™ s (g) (resp. U* cs (g)), we may consider the one of U^ n (g) (resp. 
Lf n (fl)). Indeed, every finite dimensional irreducible U^ n (g) (resp. U^ n (g)) module is a 
highest weight module and classified by highest weight. Moreover, there exists one to one 
correspondence from the set of their highest weights to Z" (resp. polynomials C; [£]"), where 
Zi := {0, 1, • • • I - 1} (resp. Q[t] := {P £ C [t] \ P is not divisible by (1 - ct l ) for all c £ 

*e-mail: yu-abe@sophia.ac.jp 

^supported in part by JSPS Grants in Aid for Scientific Research, e-mail: toshiki@mm.sophia.ac.jp 



1 



C x }). We denote the U~ a (g) (resp. U £ (q)) module corresponding to A S Z" (resp. P 6 
Q[t] n ) by V; fin (A) (resp. V; fin (P)). 

We also obtain the evaluation representations of V^ n (X) in the case of U £ n (sl n +i)- We 
denote them by V £ fin (X)^. We can compute the Drinfel'd polynomials of V^ n (X)^ by the 
similar method to [7j (see Theorem 4.13 in this paper). Moreover, for a± G C x , we shall 
show that V^ fin (A)+ + is isomorphic to V £ (A)~_ if and only if 

a+ = a_£ 2G *=i A * A ^+ l ) for all i E supp(A), (1) 

where supp(A) := {1 < i < n |Aj ^ 0}. If q is generic, the condition (1) never occurs for 
#(supp(A)) > 1. But, in this case, there exists AeZ™ which satisfies Q for #(supp(A)) > 1 
(see Proposition 14 . 1 41 HT3|) . 

On the other hand, many finite-dimensional irreducible U £ (g) (resp. U £ (q)) modules are 
no longer highest or lowest weight modules and they are characterized by several continuous 
parameters (see El)- For g = s[„ + i, such U £ ($l n+ i) -modules are constructed explicitly 
in which are called "maximal cyclic representation" . For an arbitrary simple Lie algebra 
g, Schnizcr introduced an alternative construction of such [7 e (g)-modules in |22|. |23|. which 
we call "Schnizer modules" . 

By using the theory of the quantum algebra of restricted type, we obtain that every 
finite dimensional irreducible "nilpotent" t/ e (s(„+i)-modules are highest weight module and 
classified by highest weight (see §3.4 and §5.2). Moreover, there exists the one to one 
correspondence from the set of their highest weights to Z™ (resp. Q[t]™). We denote the 
U e (sln+i) (resp. U E (sl n+1 )) module corresponding to A e ZJ l (resp. P e Q[t] n ) by V; nil (A) 
(resp. V^. ml (P)). We also obtain the evaluation representations of V^ nil (A), which are denoted 
by V; nil (A)±. The module V; nil (A)| is regraded as a [/ £ fin (s[„ + i)-module and V; nil (A)± is 
isomorphic to V £ Rn (\)^ as a [/,? n (sl n +i)-module (see §5.2). Therefore, for a± 6 C x , wc 
obtain 

V £ ai \\)+ + is isomorphic to V" £ nil (A) a _ if and only if (1) holds. (2) 

We can also prove without using the theory of the quantum algebra of restricted type. 
In T.N. showed that one can construct V £ nll (X) as the subrepresentation of a maximal 
cyclic representation by specializing their parameters properly for type A. Similarly, in P^, 
we found that we can construct V £ nll (X) as a submodule of a Schnizer module if fl=A, B, 
C or D, and then we can construct V £ nll (X)^ as the submodule of evaluation of a Schnizer 
module. By using this fact, we can prove © (see §5 alternative proof of Proposition 15. ll| 
(b))- 

The organization of this paper is as follows. In §2, we introduce basic properties of 
quantum algebras for generic q. In §3, we introduce quantum algebras at roots of unity 
of non-restricted type and restricted type. Moreover, we prove the isomorphisn theorem of 
these algebras. In §4 (resp. §5), we discuss about the evaluation representations of restricted 
(resp. non-restricted) type. 

2 Quantum algebras (generic case) 
2.1 Notations 

We fix the following notations (see [2], 0). Let sl n +i be the finite dimensional simple 
Lie algebra over C of type A n and st rl +i = s\ n +i ® C^,^ 1 ] the loop algebra of sl n +i. We 
set / := {1,2, • • ■ , n} and I := I U {0}. Let (oij) ijg j be the generalized Cartan matrix 

of s[ ra +i, that is, = 2, a^j = —1 if \i — j\ = 1 or n, and a^j = otherwise. Then 
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(dij)ij^i is the Cartan matrix of s[ n+ \. Let II := {oti} ie i (rcsp. IT := {ai} ie j) the set of 
the simple roots of si n +i (rcsp. s[„+i) and II V := {a^} ie j (rcsp. II V := {o^} ie j) be the 
set of the simple coroots of sl n+ i (rcsp. st„ + i). Let f) be the Cartan subalgebra of sl n+ i 
and \]* the C-dual space of f). Then II V (rcsp. II ) is a C-basis of \) (resp. f)*). We have a 
C-bilinear map (,}:()* x f) — ► C such that (aj,a^) = Ojj for any i, j G I. Define the root 
lattice Q := © ieJ Zaj (resp. the coroot lattice Q v := © ie/ % a i) an d the affine root lattice 
Q := Za © Q (resp. the affine coroot lattice Q v := Za^ © Q v ). For i e I, we define the 
fundamental weights {Ai} i£ j C ()* by 

in 
n k=l k=i+l 

Similarly, we define the fundamental cowcights {A^}i e / C f) by replacing a in Aj with a v . 
Then we have (A^aJ) = 5jj (resp. (<x,-,A^) = 5ij) for any i,j G 7. Define the weight 
lattice P := © ie/ ZA, (rcsp. the cowcight lattice P v := © ie/ ZA^) and define a symmetric 
bilinear form (,):()* x f)* — > C determined by (a^, en.,-) = for any i,j G 7. 
Let A (resp. A + ) be the set of roots (resp. positive roots) of sl n+ i and 9 := X^ieJ a i be the 
highest root in A. We set 5 := ao + 9. Let A be the affine root system of sl n+ i. Then we 
have A = A rc U A im , where 

A ro := {a + n5 \ a G A, n G Z}, A im := {nS \ n G Z x := (Z \ {0})}, 

and A = A + U (-A+), where 

A+ := A r + ° U A™, A r + ° := {a + nS \ a G A,n G N := {1,2, • • • }} U A+, A™ := {nS \ n G N}. 
Moreover, we set 

A™(7) := 7 x A™ = {(i, nS) \ i G /,n G N}, A+(7) := A r + C U A™(7), 
A im (7) := {(i, nS) \ i G 7,n G Z x }, A(7) := A rc U A im (7). 

For j £ J, let Si be the simple reflection on t)*, that is, Si(A) = A — (A, a^)ai for any 
A G f)*. The affine Weyl group W of s[„+i (resp. Weyl group W of st„+i) is generated 
by {sj ie j (rcsp. {sj ie j). For i e f), we define t x : J)* — > t)* by t x (\) = A - (A,a;)<5 
and set Tpv := {7 X | x G -P v }, Tqv := {t x | a; G Q v }. Consider the extended affine 
Weyl group W := WxTpv, where the structure of the semi-direct product is given by 
(s,t x )(s ,t y ) — (ss ,t s '-i x t y ) for any s,s G W, and x,y G P v . We set T := {t : 7 — > 
7; permutation | a T a\ T u\ — Oij for anyz,j G 7} and define the semi-direct product TxW 
by ts.t- 1 = s T{i) for r G T,i G 7. It is known that VV = T xVV and VV = WxTqv. In 
particular, the latter isomorphism is given by i— > (si,id^*) for z G I and s l— > ( s e,te v ), 
where 9 V := J2iei a i ■ The length of an element tw G >V(r G T, w G W) is given by 
(j^(rw) := Z^(w), where ly^ is the length function of W. 

Let g be an indeterminate. For r G Z, m G N, we define g-integers and Gaussian binomial 
coefficients in the rational function field C(q) by 

M'-=j^fr, [m]!:=[m][m-l]-..[l], 

Similarly, for c e C (c ^ 0, ±1), we define 

c r _ c -r 

[r] c ■= r , He! := [m] c [m - l] c • • • [l] c , 

We set [0]! := [0] c ! := 1. 



[r] [r - 1] ■ ■ ■ [r - m + 1] 
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m 
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rn 
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2.2 Definitions 

Definition 2.1. The quantum loop algebra U q := U q (sl n +i) (resp. the quantum algebra 
U q :— U q (sl n +i), the extended quantum algebra U q :— U q (sln+i)) is an associative C(q)- 
algebra generated by {Ei, F^, \i £ I (resp. i £ I, i £ I), /A £ Q (resp. fj, £ Q, fj, £ P)} 
with the relations 

K^,K v = K il+v , Kq = 1, K ao =Kg , 

K a . - K- 1 
EF- - F E- — S - — — 

J2(-irE^ Ej Et aiJ - k) = J2(-irFV Fj Ft aiJ - k) = ijij, 

r=0 r=0 



where 



eW-jLeT, FW-jLpr (reZ + := {0,1, 2, •••}). 



Let 17+ (resp. U q ,U q ) be the C(g)-subalgebra of U q generated by {Ei} i j (resp.{-F,} i j, 
{Kfj}^eQ)- Similarly, let U q (resp. U~,U® ) be the C(g)-subalgebra of U q generated by 
{Ei} ie i (resp.{Fi}i e i,{K^}^ eQ ). 

It is well known that U q (resp. U q ) have a Hopf algebra structure and its comultiplication 
is given by 

&(E i ) = E i ®l + K at ®E i , A(Fi) = Fi®K-i + l®Fi, A{K ti ) = K^®K^ 
where i £ I (resp. 7), /jeQ. 

We have a C-algebra anti-automorphism Q : U q — ► U q and a C(g)-algebra anti-automorphism 
$ : U q — ► U q such that 

n(q) = q - 1 , n(Ei) = Fi, n(F l ) = E l , n(K fl ) = K~ 1 , (2.2) 

§{E i ) = E i , $(F i )=F i , <S>(K^)=K-\ (2.3) 

for i £ I, fi £ Q. Let Tj be the C(g)-algebra automorphism of U q introduced by Lusztig ( |2()l 
§37]: 



Ti{E\ m) ) 


— ^_i^mq-m{m-l) p(m) j^m ^ Ti(F^) = (- 


■ q m ( m - l ) k - 1 E ( m ) 




— ma; , j 

= (^ly-ma^ q -r E {-rnai,i-r) E {rn) E {r) 
r=0 




^(F, (m) ) 


r=0 








(2.4) 



where i £ I,m £ N, fj, £ Q. For r £ T, we define l^-automorphism T T by 

T T (E Z ) := E T{{) , T T (F l ) := F r(i) , T T {K±}) := K^ m (i £ I). (2.5) 
We obtain that 

Tf 1 = $T i ®- 1 , TiQ = nTi, T T fl = QT T . (2.6) 

Let w £ W and w = rs^ ■ • ■ Sj m (r £ T, ii, • • ■ , z m £ 7, m £ N) be a reduced expression of w. 
Then T w := T T Ti 1 ■ ■ -Tj m is a well-defined C/ 9 -automorphism, that is, T w does not depend 
on the choice of reduced expression of w. 
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2.3 Drinfel'd realization 

It is known that U q has another realization which is called Drinfel'd realization. 

Definition 2.2 ( |13|L LetT> q be an associative C(q)-algebra generated by {X^ r , -f/i, s , \ i £ 
/, r, s £ Z, s 7^ 0, /i £ Q} with the relations 



K^K V = K„ +u , K = l, [K M Hj, s ] = [Hi, r , Hj, s ] = 



. si 

r 

* + , - , 
l X i,n X j, S \ - dij q _ q -l ' 



771 



7rG5 m fc=0 



m 

k 



X i,r^ ' ' • X Lr M X i,s X Lr M „ ' ' ' X tr M ~ °> (* ^ j)> 



/or rx, • ■ • , r m £ Z, where m := 1 — a^j, 5 m is i/ie symmetric group on m letters, and \f r . 
are determined by 

oo oo 

^t± r n ±r := K^exp(±(q - q- 1 ) H h±s u ±s ), 
r=0 s=l 

and ^>f ±r := i/r < 0. 

For i £ /, let £av = rsjj ■ • ■ Sj r (r £ T, ji,- - ■ j r £ /) be a reduced expression of t ay (see 
§2.1). Then we set T A v := T r 2^, • • • T ir . 

Theorem 2.3 ([2 ). There exists a C(q)-algebra isomorphism T : T> q — > U q such that 

T(X+ r ) = (-iy r T^(E l ), T(Xr) = (-l)-TXv(^) (tG/.rGZ). (2.7) 
In particular, by |2| §4 Remark and [7] §2.5, we obtain the inverse map of T: 
T-\E l )=X+ Q , T~ l (F i )=Xr , T - l {K^) = K„ 

T^ 1 (E ) = (-l) m+ q n+ [X~ , ■ ■ ■ [X m+10 . [X^ , ■ ■ ■ [X~_ lt0 , X~ A ] q -i ■ ■ -] q -iKg , 
T-\F ) = (-l) m+n [X+ , ■ ■ ■ [X+ +lfi , [X+ , ■ ■ ■ [X+_ lj0 ,X+ t _ 1 ] g - 1 ■ ■■l.-iKe, (2.8) 

for m,i £ /, where [u, v] q ±i := uv — q vu for u,v £ U q (T is independent of the choice of 
m). We idntify T> q with U q by this isomorphism T. 

2.4 PBW basis 

Let wo be a longest element in W and wq — s^ ■ ■ ■ Si N be a reduced expression of wq. We 
set 7x := a il ,7 2 := s n (a; 2 ), • • ■ , 7tv Sii ■ • ■ Sijy^j (cti N ). By the theory of the classical Lie 
algebra, we have A + = {7x, • ■ • , 7at}. Define the root vectors in U q by 

•^7fe : = T n ' ' ■Ti k _ 1 (E aih ), F lk := Cl(E 7k ), (2.9) 

for 1 < k < TV, where E ai ■= E it F ai := Fj (i £ J). We set 



+ 



{c : A+ — » Z+; map}, B° := {X M | /x £ Q}, 



< 



76A + 

where < means that the product is ordered by 7x < • • • < 7at. 
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Theorem 2.4 ([18 §1). B* (resp. B q ) is a<C{q)-basis ofU* (resp. U q ) for * e {-,0,+}. 

The following notations and facts are given in 0]. Let p v := iX} a eA a ^ -P v ) and 
t2p v — Sj 1 ■ ■ -Sj~ be a reduced expression of ti p v(2p y 6 Q v ). Define the doubly infinite 

sequence (• • • , i—i, io, i\, ■ ■ ■ ) by i& := j k > if fc = k (mod iV) for all k € Z, 1 < k < N. Wc 
set 

Pk ■= s io s i _ 1 ■ ■ ■ s ik+1 (a ik ) (fc<0), /3 & := s. il s, 2 • ■ ■ s lk _ 1 (a ik ) (k > 0). 
Then we have A "J = {Pk}kez- Define a total order on A + (J) by 
fa < P-i < /3-2 < ■ ■ ■ < (1, S) < ■ ■ ■ < (n, 6) < (1, 26) < ■ ■ ■ < (n, 26) < ■ ■ ■ < fa < Pi- (2.11) 
We set E ai := Ei, F ai := Fi (i £ I). Define the positive real root vectors in U q by 

Ep k ■.= T^Tr\... T rl i {E aik ) (k < 0), Ep k :— T n T i2 ■ ■ ■ T ikl (E aik ) (k> 0), (2.12) 
and the positive imaginary root vectors E^ r s) by 

oo oo 

exp((g - q- 1 ) E (i<s5) u k ) := 1 + ]T(<Z - q- l )E [i>s5) u k , (2.13) 

3 = 1 S=l 

where E( i s g) := E- ai+s gEi — q~ 2 EiE^ ai+s $ for i G /, s G N. Define the negative root 
vectors by F := Cl(Ep) for /3 G A+(7). We set 

Z^ +(/) := {c : A+(J) — Z+; map | #{c(/3) ^ 0} < oo}, B° := {X M | /x G Q}, 

^■■={ f[ ^ (/3) |cGZJ +(7) }, B-:=n(5+), B q :=B-B° q B+, (2.14) 
/3eA + (/) 

where < is the total order as in (|2.11() . 

Theorem 2.5 ([3 ). B* (resp. B q ) is aC(q)-basis of U* (resp. U q ) for*e {-,0,+}. 
By 0] Lemma 1.5, we obtain 

X+ r = (-iy r E at+rS (r>0), X+ = (-ir^F.^sKri ( r < 0), 

*<7r = (-lr^^+rs (r>0), Xr=(-l)%_ ri ( r <0), 

iJ i;S = (-l) <s £ (i>s5) , *+ = (-l) is (g - q- x )KiE^ s5) , (2.15) 

for i G I, r G Z, s G N. 

2.5 Evaluation homomorphisms 

There exists a C(q)-algebra homomorphism U q (sl n+ i) — ► U q (sl n+ i) such that 

Ei»X+ , Fi~Xr , K^K^, (2.16) 

for i G /,/.« G Q. Moreover, for m G /, < k < n — m, there exists a C(q)- algebra 
homomorphism U q (sl m+ i) — ► U q (sl n+ i) such that 

X tr" X t+k,n ■ ■ K ai ^K a . +k , (2.17) 

for 1 < i < m, r, s G Z(s ^ 0). Hence we can regard any [7 g (sl„+i)-module as a U q (s[ n +i)- 
module and J7 9 (sl m 4-i)-module. Let U q (st rl +i) be the extended quantum algebra in Definition 
12.11 By the following proposition, we can regard any £/ 9 (s[„ + i)-module as a U q (sV n+ i)- 
module. 
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Proposition 2.6 ([16 §2, [7j Proposition 3.4). For any a G C x , there exist C(q)- algebra 
homomorphisms evf : U q {s{ n +i) — ► U q {s\ n +i) such that 

ev£(Ei) = E u evt(F z ) = F t , evi(K^) = K» 
ev+(E Q ) = q^aK^KX^Fn, [F n _ ir ■ • , [F^F^-i • ••],-!, 
ev-(E Q ) =q- 1 aK^K An [F 1 ,[F 2 ,--- , [F n _x,F n ] g -i •• -] q -x, 
evt(F Q ) = (-l) n - 1 q n a- 1 K^K An [E n , [E n . x , ■■■ , [E 2 , Ek] r i ■ ■ ■ } q -t, 
ev-(F ) = (-lrVo-^iq, 1 ^, [E 2 , • • • , [E n _ u E n } q -i ■ ■■} q - 1 , 

for i G I and \l G P By Q2.4JI. (|2.6p. we obtain 

eu+^o) = q^eJC^K^ 1 ■ ■ ■ T~\(F n ), ev & {E ) = q^aK^R^ 1 ■ ■ • T 2 _1 (i<i), 
et;+(F ) = q n & - 1 KX^K An T 1 - 1 ■ ■ ■ T~\(E n ), ev a (F ) = ^a" 1 K^K^T' 1 ■ ■ ■ Ti\E 1 ). 

(2.18) 

3 Quantum algebras at roots of unity 

In the rest of this paper, we fix the following notations. Let I be an odd integer greater than 
2 and e a primitive Z-th root of unity. Moreover, we assume g.c.d(^, n+1) = 1. By [£] Lemma 
2.1 and Corollary 2.1, we obtain that g.c.d(/,n+ 1) = 1 if and only if det([fccti,j])jj£j ^ 
for any fc G Z such that k ^ mod I. 

3.1 Quantum algebras of non-restricted type 

Let A := C[<7, g^ 1 ] be the Laurent polynomial ring and C/4 (resp. U A ) the .A-subalgebra 
of U q (resp. t/ g ) generated by {Ei,Fi,K aj ,[K a -;0]\i G /(resp. i G I),j G /}, where 
0] := (K aj - K~f)/{q - q- 1 ) for j G J. Let U\ (resp. f/^,C^) be the Asubalgebra 

of U A generated by {-Ej^j (resp. {^}, e j, {if aj , [K ai ; 0]} ieJ ) and [/J (resp. U A ,U A ) 
the .A-subalgebra of C/^ generated by {Ei} iG i (resp. {Fi} ie /, {K ai , [K ai ; 0]}j e j). We have 
triangular decompositions C/4 = U A U A U A anc ^ ^ = U A U A U A . We se ^ 

B+ := 5+ ^ := := {JJ K* [K Ut ; 0]™' | m 4 G Z+,$ = or 1}, B A 

iei 

B+ :=B+, B A = B q , B° A := {JJ [X Qi ; 0] m ' | m 4 G Z+, £ = or 1}, £4 

ie/ 

We have T 4 (C/^) C by g3J and TT^LU) G f/4 by jpj) for i G I. Hence, by (l2~T2l 
and we have E ,F ,X^ r ,H iiS G L/4 for all /3 G A+(J), i e J, r,« e Z(s 7^ 0). 

Similarly, we obtain T^ x (f7x) C f/^ and B 7 ,.F 7 G [7^ for all 7 G A + by l(!H)|) . Thus we 
obtain B^, B4 C C/4 and B% B A (Z U A (* E {-, 0, +}). 

Proposition 3.1. B* A (resp. B A ) is a A-basis of ' U A (resp. U A ) for* G { — ,0,+}. 

Proof. By Theorem 12.41 B* (resp. B q ) is C-linearly independent in U* (resp. U q ) for 
* G { — ,0,+}. Thus B\ (resp. B A ) is ^l-linearly independent in U A (resp. U A ). Let V A 
(resp. V A ) be the ^l-subalgebra of U A (resp. U A ) generated by B A (resp. B A ). It is enough 
to prove that U A V A C for all * G { — ,0, +}. Indeed, if we can prove this claim, then we 
obtain U\ = V% and U A = U A U° A U\ = V A V%Vj{ = V A . So U A (resp. U A ) is generated by 



:= B A B° A B+, 
:= B A B A B A . 
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B\ (resp. B A ) as „4-module. 

By the following formula, we have if^flliei k % [^ q ,;0]'" ! ) G V% for all i G I, m; £ Z+: 

If ^ - K ai (K ai -K~ 1 ) + l = {q- q- 1 )^ [K ai ; 0] + 1 G V%, 
K~} = K ai - (K ai - If" 1 ) = if Qi - (q - q- 1 )^; 0] £ Vj}. 

Thus we obtain U A V A C V^. By J2| Lemma 1.7, we get the following formula: for a, j3 G A + 
such that (3 > a, 

< 

EpE a — a H S 7 (7) ' 

where a c G «4. So we obtain the case of * = +. Similarly, by using the automorphism f2 
(see l|2.2f) '). we obtain the case of * = — . □ 

By [5] Proposition 1.7(c), we obtain the following formula: for a, (3 £ A + (l) such that 

(3 > a, 

E p E a = q^E a E p + c ~fK ■ ■ ■ E Zl » 

a<7i<---<7 m </3 

where c 7 G C[q, for j = (71, • • ■ , 7,„) G A + (/) m . So, by the similar way to the proof of 
Proposition 13. II we obtain the following proposition. 

Proposition 3.2. B* A (resp. B A ) is a A-basis of U A (resp. U A ) f° r * G { — ,0,+}. 

Now we define the quantum algebras of non-restricted type. We regard C as „4-module 
by 9( a )- c '■— 9{ £ ) c f° r 9(q) G .A, c G C and denote it by C e . We define 

Ue ■= U A ® A C £ (resp. U s := U A ® A C £ ). 

Then we call U s (resp. U e ) "quantum loop algebra (resp. quantum algebra) of non-restricted 
type (or De Concini-Kac type)" (see [5], [Hj). For * G {-,0,+}, we set U* := U* A ® A 1 
(resp. U* :— U A ® A !)■ We simply denote u <g> 1 by u for u e LI A (resp. [/^). 

Remark 3.3. (a) In \5j (resp. fW[). U e (resp. U e ) is defined by U e :— U A c/(q — e)U A e 
(resp. U e :— U A /(q — e)U A ), where A £ := {g(q) E C(g) \g(q) has no poles at q = e}(d A) 
and (q~e)U A c (resp. (q — e)U A ) is the two-sided ideal ofC-algebra U A t (resp. U A ) generated 
by (q — e). But, by the universality of tensor product, we obtain 

U A ® A C e = U A /(q - e)U A = U A e/{q - e)U A e (as C-algebra), 
U A ® A C e = U A /(q - e)U A = U A e/(q - e)U A e (as C-algebra). 

(b) U e (resp. U e ) is the associative algebra over C on generators {Ei, Fi, \ i G 
/ (resp. I), n G Q (resp. Q)} and defining relations in Definition \2.1\ revlaced q by s (see J^j 
$1.9 and \Wj $1.5). 

We set B* := B A ® A 1 (* G {-,0, +}). Similarly, we define B £ , B* and B e . 

Lemma 3.4. Let {vj}j be a A-basis in U A (resp. U A ). Then {vj + (q — e)U A }j (resp. 
{t'j + (q — e)U A }j ) is a C-basis of U A / '(q — e)U A (resp. U A /(q — e)U A ). 
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Proof. Ua/ {q — £)Ua is spanned by {vj + (q — e)Uj[}j as C-vector space. So we shall prove 
that {vj + (q — e)UX\j is linearly independent over C in U^/iq — £)Ua- We assume that 
Ej c,-(«j + (?-e)E>U) = (c, G C, #{j | c,- ^ 0} < oo). Then £\ c,-^ G (?-e)tU. Since LU 
is generated by as ^-algebra, there exist Cj >m £ C (m £ I, #{(i» m ) | Cj, m ^ 0} < oo) 

such that J2j c j v j = (<7 — £ ) Ej m c j,m < l m Vj in t/4. Since {ujjj is linearly independent over 
.4 in Ua, we obtain Cj = (q — e) E meZ Cj. rn q m for all j. Therefore we obtain Cj = Cj, m = 
for any j and m. Similarly, we obtain the case of Ua- d 

By this lemma, Proposition 13 . 21 and Remark l3.3f a). we obtain the following proposition. 

Proposition 3.5. B* (resp. B £ ) is a C-basis of U* (resp. U e ) for* G { — ,0,+}. 

The classical case of this proposition is given in ^2] §1-7. 

Proposition 3.6. B* (resp. B £ ) is a C-basis of U* (resp. U £ ) for* G { — ,0,+}. 

Let Z(U e ) (resp. Z(U £ )) be the center of U £ (resp. U £ ) and Zo (resp. Zq) be the C- 
subalgebra of U e (resp. U e ) generated by {E l , F l , E^ slS ), F( iiSlS ), Kj, \ (3 G A^,i G I,s € 
N, M GQ} (resp. {E^F^KH-ye A+, M gQ}). 

Proposition 3.7 ([5J Lemma 2.2, Proposition 2.3). We have Z — Z(U). 

Proposition 3.8 (([12] Corollary 3.1). We have Z Q C Z(U £ ). 

For m G N, we set Z m := {0, 1, • • • , m — 1} G Z+ and Q m := © iG / Z m ai. Let I £ be the 
two sided ideal of U £ gener ated by {E^F^K™ - 1 1 7 G A + , [j, E Q} and set (U s /I e )* := 
{u + I e I u G U*} G f/ e /J e for * G {- 0, +}. We set 

< 

zf+ :={c: A+ ^Z i; map}, B+ := {( J] £ 7 ) + J e | 7 G zf + }, 

7 eA + 

:= tl(B+), B? := {X M + I, I /i G Q 2i }, 5, := BfB?B+. (3.1) 

Proposition 3.9. S* (resp. £?J is a C-basis of (U £ /I £ )* (resp. U e /I e ) for * G {-,0,+}. 

Proof. We shall prove that B^ is a C-basis of (U £ /I £ ) + . We can also prove the other cases 
similarly. Let VJ + be the C-subspace of (U £ /I £ ) + spanned by and u + I £ G (U £ /I £ ) + . By 

Theorem 1^1 there exist a c G C(c G Z+ + ) such that u + I £ = Y, ceZ A + a c 11^+ + 4- 
If c is an element in Z^ + \Z^ + , then there exists 70 G A + such that 0(70) > I. Then we 
have n 7eA+ ^7 (7) G ie- Hence u + 4 = E c6Z *+ a c U^eA + Ey h) +h£ V+ . So (U £ /I £ )+ is 
spanned by B^ . 

Let u = E ceZ A + acU^eA + E ^ ] e K G C,c G zf+). We assume u + I £ = in 
(U £ /I £ ) + . Then we have ii£/ E fl [/+. By Theorem Ol we obtain 

7 E nc/+ = (£ t/ e 4 + ^c/ E (^_i)+ £ u e Fl l )nu+= u ? E r 

7GA+ ^eQ 7SA+ 7£A + 

Hence there exists u' = J2 c > eZ & + & c ' Il76A + E p e U £ (b c i G C, c' G Z^ + ) such that 
u = J2~teA + u Ely- Since E^ is a central element in U £ (see Proposition ^. 8|l . we have 

e « ^ e e c( n 
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Thus, by Proposition 13. 61 we get a c = for any c£Z, + . Therefore B^ is linearly indepen- 
dent in {U £ /I £ )+. ' □ 

Let I e be the two sided ideal of U £ generated by {-Eg, Fp, E^ s ig), i^j.aW)) — 1 1 /3 G 
A r + C , i G J, s G N, fi G Q} and set (U e /I e )* :={u + I e \ue U*} for * G {-, 0, +}. We define 



A+(/) := {c G Z+ +(/) | c(/3) G Zj, c((», slS)) = (/3 G A+, iel.se N)}, 



/3eA+(/) 



5? 



{i^ + I £ | /i G Q 2 ;}, Bi := B-B°B+. 



(3.2) 



Then, by Theorem 12 . 51 and Proposition 13. 71 we obtain the following proposition. 
Proposition 3.10. B ; * (resp. B x ) is aC-basis of(U e /T e )* (resp. (U e /I E )) for* e {-,0,+}. 
The proof of this proposition is similar to the one of Proposition 13. 91 



3.2 Quantum algebras of restricted type 

Let UJ S (resp. UJ S ) be the Asubalgebra of U q (resp. U q ) generated by {E^ , F 2 {m) , | i G 
7(resp. I),m G N,/x G Q}. We set 



m 



n 

s=l 



-1„— r+a— 1 



for m G N, r G Z, i G /. It is known that 



q" -q 



e UJ S (see [H] §9. 3 A). By and 

(ESJ), we have ^(C/jf) C l^ cs (resp. jf^t/Jf) C t/^ os ) for any i e I (resp. I). Hence we 
obtain Ep, Fp, Xf >r , H itS G U% s for /? G A + (J), i e I, r,s G Z(s ^ 0) by and ETB . 

Similarly, we obtain E 1 ,F 1 G t/Jf s for any 7 G A + by (|2.9|l . We define 



Ul 



UT ® 



A ^6 



(resp. U x e 



ut ® A c s ). 



Then we call C/^ cs (resp. U™ s ) "quantum loop algebra (resp. quantum algebra) of restricted 
type (or Lusztig type)" (see ([HI, E3))- We denote Ep (g> 1 by e,g for /3 G A + (I). Similarly, 

Moreover, we set 



1) -~ 




® 1, • ■ • • 


^(l, 771(5) ■ ( 


1 

7 i F(i mi 

[m\ 






K ai \r 


m 




m 



for G A^?, i G I, m G N, r, s G Z(s ^ 0). Let (J7f 8 ) ± (resp. (£/f s )°) be the C-subalgebra 

. ; ( , ........ ... v_ L .^, 



of /7 e res generated by {(a;f r ) (7n) ieI,reZ,meN} (resp. {fc M , 



rn 



, hi tS \n e Q,i e 



I,r G Z,m G N,s G Z x }) and (f/f s ) + (resp. (C7f s )", (C7f s )°) be the C-subalgebra of 



C/f s generated by {e\ m) \ i G 7,m G N} (resp. {/V m; | i G J,m G N}, {fc, 



(m) 



},i G J,r G Z,m G N}). We obtain that 



is generated by {fc Qi , 



m 
k ai ; 
I 



(j, e 

} for 
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i G I, r G Z, m G N. It is known that C/J es has the triangular decomposition, that is, the 
multiplication map defines an isomorphism of C-vector spaces: 

(Ul cs )~ ® (U r e cs )° ® {Ur)+^Ul cs (u~ ®u°®u+ ^>u-u u + ). (3.3) 

Moreover, by JUj Proposition 6.1, we have 

(U r £ cs )- ® (C7 £ rcs ) ® (CAl' cs ) + =;c7 e ros (5- ^£-£°£+). (3.4) 

We set 

(5f s ) + :={ ft e { ; m \c€zi +{1) }, (Bf s )" := n((5r)+), 

/3GA+(/) 



(sr) :={L[ fc o 



rm 



rrn G N, 5i = or 1}, B £ os := {Bf s )~ (B™ s y {Bf s ) 



; 

(see H2.140 ). By ^5], we obtain the following theorem. 

Theorem 3.11. B r e es is a C-basis ofU™ s . 

Proof. By |15|. we obtain a PBW basis of Uj( s . Since any .A-basis of U^ s become C-basis 
of U^ 8 ®a C £ canonically (see Lemma T3.4II . we obtain this theorem. □ 

3.3 Small quantum algebras 

Let U^ n (resp. Uf n ) be the C-subalgebra of U* es (resp. U* cs ) generated by {e,, fc p | i G 
/( resp. G Q})- Then we call U^ n (resp. Uf n ) "small quantum loop algebra (resp. small 
quantum algebra)". Let T>f n be the C-subalgebra of U* es generated by {xf r ,h i ^ si k ll \ i G 
I,r,s G Z(s / 0),/i £ Q}. By JZHJ), we obtain e ,/o G X^ 11 . So we have Vf n = £/ e fin . Let 
(J7 e fin ) ± (resp. (t^ n )°) be the C-subalgebra of 6f n generated by {xf r \i G 7,r G Z} (resp. 
{/ii, S) ^ | i G I, s G Z x , /it G Q}) and (t/ £ fin )+ (resp. (C/ £ fin )", (kf n )°) be the C-subalgebra of 
J7 e fin generated by {ej ie/ (resp. {fc^eg). Let zf + be as in (|3~TJ> . We set 

(Bf )+ := { f[ ef ) | c G zf +}, (Bf )~ := Q((B^)+), 
7 eA+ 

(Bf) := {fc M | /i G Q 2; }, B*> := (B^)~ (B^)° (B^) + . (3.5) 

Theorem 3.12 ((H] §5, [Ej §8). (B§ n )* (resp. B^ n ) is a C-basis of {U^f (resp. U§ n ) 
/or*G {-,0,+}. 

Since ep,fp are generated by {ei} ie j, {fi} ie j respectively, we get ep,fp G U^ n for any 
G A + (I). For /? G A^°, i G I, m G N, we have 

e /3 — [fleie^ , = [fls'/g ) 6(i,mJ«) = [i]ee(i, m Jtf) j f(i,mlS) = We/(i,mi5)j 



k ai ; 
Z 



r— 1 r— 1 

(see Lemma 4.4). So we obtain 

4 = fp = e (i , aM) = f (hsis) = fc* - 1 = 0, (3.6) 
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for any G A+, s € N, i G I. Let zf +(/) be as in (£nj>. Define 

(Bf)+:={ f[ ef 0) \cGzf^% (B^)~ := fi((B e fin ) + ), 

/36A+(/) 

(5 £ fi »)° := {fc p | M G Q21}, := (3^)" 

Since e^./g G C/f" for any (3 G A+(I), we have B^ n C t/ £ fin . Therefore, by Theorem EJ 
we obtain the following lemma. 

Lemma 3.13. B^ n is linearly independent in U^ n . 
3.4 Isomorphism theorem 

Proposition 3.14 ([lj Lemma 4.8). There exists a C-algebra isomorphism <fi : U E /I e — ► 
U^ n such that 4>(Ei + I e ) = e it 4>{Fi + I E ) = f { and ^(K^ + I E ) = k^ for i G /, fi G Q. 

We obtain an affine version of the above result: 

Theorem 3.15. There exists a C-algebra isomorphism <j> : U e /I e — > Jjftn suc fi that 4>(Ei + 
I e ) = e», 4>{Fi + I e ) = fi and ^{Ky, + J E ) = fc M for i G I, fi G Q. In particular, B^ n is a 
C -basis of Ufi n . 

Proof. Elements in {ej,/j, \ i G /, fi G Q}(c £^ n ) satisfy the relations of Definition 
12.11 So, by the universality of U e (see Remark l3.3l (b)), there exists a surjective C-algebra 
homomorphism <fi : f7 e — ► [/J™ such that E\ 1— > e^-Fj 1— > fi,K^ 1— > fc M for i E I.ji E Q. 
Since ep =■ Ep®l and fp = Fp®l (J3 G A + (/)), we obtain (^(-E^) = and 0(i*]g) = //j. 
Then, by (|3.6|) . we have </>(/ £ ) = 0. Hence there exists a surjective C-algebra homomorphism 
: U e /T e — > C/e fin ^ch that + 7 £ ) = e/J , ^3 + J B ) = and 4>{K^ + 7 £ ) = fc M for 

/3 G A+(I), MG Q. 

Let w G Ker(</>). By Proposition we have 

»= e e < c >m,c')( n ^ ) +7 £ )(x AI +7 e )( n f/ (/3) +7 £ ), 

MeQ2i C:C 'ezf+ (J) /3eA+(/) /3eA+(J) 

where a(c, c ) G C. Then we get 

o=?(«)=e e n e f } )^( n // (/5) )- 

MeQ2! c ,c'(Ezf + U) /36A+(/) /36A+(/) 

Hence, by Lemma |3. 131 we obtain a(c,fi,c ) = for any c, c G Z^ + ^ 7 \^ G Q2i- Thus is 
injective. Therefore <j> is an isomorphism and _B £ n is a C-basis of U E n - □ 

4 Evaluation representations of restricted type 

4.1 Representation theory of restricted type 

We call a £/ £ cs -module V (resp. t/ £ cs -module V) "type 1" if k l — 1 on V (resp. V") for 
any fi G Q. In general, finite dimensional irreducible C/ £ es -modules (resp. Z7 £ es -modules) 
are classified into 2™ types according to {a : Q — ► {±1}; homomorphism of group }. It is 
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known that for any a : Q — ► {±1}, the category of finite dimensional L^ cs -module (resp. 
[/^-module) of type a is essentially equivalent to the category of the finite dimensional 
/7™ s -module (resp. [7J' cs -module) of type 1. 
Let U = Ul c s , C/_ fin , Ul cs or £/_ fin . 



Definition 4.1. Let V be a U -module and v be a nonzero vector in V. Suppose that v 
satisfies 

e| m) v = for any i e I, to e N if U = Up 8 , e,v — for any i e I if U = U£ n , 
( x i,r) (m)v = f° r an V meN, reZifU = U™, xf r v = for any i el, r e Z if U = 

We call v a "primitive vector" in V . 

Definition 4.2. Let V be a U -module and A : U° — ► C be a C-algebra homomorphism. 
We assume that V is generated as a U -module by a primitive vector v A £ V such that 

u Q v A = A(u )v A , 

for any uq e U . Then we call V a "highest weight U -module" generated by a "highest 
weight vector" v A with "highest weight A". 

Proposition 4.3. For any C-algebra homomorphism A : U — * C, there exists a unique 
(up to isomorphism) irreducible highest weight U -module V with highest weight A. 

Proof. For any Up 8 (resp. E/£ es -module) V, we can define the weight spaces on V by 



Vfj_ := {v e V k ai v = e 



v, 



k ai ; 
I 



i 



for any i e I}, (4.1) 



where fx e P (see ^7], ^01)- Then, by the theory of highest weight modules, we obtain this 
proposition in the case of U = U* es or U™ s (see ^U] Proposition 7.3). So we shall prove the 
case of Uf n . We can prove the C/? n case similarly. 



Let £/ e fin be the C-subalgebra of (7 E res generated by t/ e fin U { 



k ai ; 
I 



e I}. For any 



C-algebra homomorphism A : {U t 



fin\o 



let ff n (A) (resp. lf n (A)) be the left ideal 



of U~°- (resp. U^ n ) generated by {x^ r ,u — A(u ), 



\i e l,r e Z,u e (U™) } 



(resp. {x? r ,u - A(u Q ) \i e I,r eZ,u e (U™) }). We define a [/^"-module M e fin (A) and 
a t/J "-module M^ n (A) respectively by 

M^ n (A) := Uf n /l} n (A), M e fin (A) := Uf n /lf n {A). 

We set d A := 1 + Tf n (A) e M^ n (A) and v A := 1 + lf D (A) e M £ fin (A). Let A\ fin (A) be the 
/7^ n -submodule of M| in (A) generated by v A . Then, by the universality of the [/^-module 
M<? n (A), there exists a surjective [/^"-module homomorphism <fi : M ( ? n (A) — ► N^ n (A) such 
that <fi(v A ) = v A . Let B be a C-basis of (U^ n )~ . Then, by 13. 4[) . we obtain that {uv A \ u e B] 
(resp. {uv A | u e B}) is a C-basis of M^ n (A) (resp. M^ n (A)). Hence <fi is an isomorphism of 
f7 £ fin -module. So we can regard Mf n {A) as [/^"-module. By the similar way to l|4.1(l . we can 
define the weight spaces on this module. Then, by the theory of the highest weight module, 
M e fin (A) has a unique simple quotient of [/^-module and it is the unique irreducible highest 
weight Uf "-module with highest weight A. □ 
For any C-algebra homomorphism A : U — ► C, we denote the unique irreducible highest 
weight {/-module with highest weight A by V™{A) if U = C/ £ ros , V; fin (A) if U = Uf n , V e rcs (A) 
if U = t/f s , and V; fin (A) if U = U^ n . Then, by Proposition IP1 and the uniqueness of the 
primitive vectors, we obtain the following proposition. 
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Proposition 4.4. Let A and A : U a — ► C be C-algebra homomorphisms. Then V7 es (A) 
(resp. V £ fin (A), V £ res (A), V £ fin (A)) is isomorphic to V £ res (A') (resp. V E fin (A'), V £ res (Al), 
V e fin (A')) if and only if A = A'. 



Now, we define Vi, m £ U q inductively by 

Pi,0 • 1; Pz,m ■ T ^2rn ^ii s ^' m ~ s ' 

9 s=l 

where Q as in We have ft(*+ s ) = 



Proposition 4.5 ([10 §3). For any i el, re Z, we We 7\ r e [/Jf s . Moreover, ([/J es )° 
fc ai ; 



is generated by {k ai , 



I 



, Vi, r ® 1 1 i £ P J" e Z} as C-algebr 



We simply denote P;, r ® 1 e t/ e rcs by Pv We set 

C [t] := {P e C[t] | P is monic , P(0) ^ 0}. 

We call a polynomial P e C[t] "/-acyclic" if it is not divisible by (1 — cr) for any c e C x 
(see PU) and set 

Q[f] := {P e C [i] | P is /-acyclic }. 

Definition 4.6. (oj Por A = (Ai) ie j G Z™, Ze* Af } 6 Z, and Af > e Z + sucA i/iat A* = 
Aj- "* + iA^ 1 ' (i 6 I). We define a C-algebra homomorphism A^ s : (U £ es )° — ► C by 



A r x es (k a 



x (0) 

- , Ar( 



):=A, (1) (iei). 



(b) For A = (A,-),- e j G Z™ ; we define a C-algebra homomorphism A^ n : (U^ n )° — > C 

Af(fc ai ):=£ A< (iel). 



(cj Por P = (P) ie / G Co[*]", Zei p| 0) G Z ; and G Z+ such that deg{P t ) = p\"> + Ip 
(i e I). We define a C-algebra homomorphism A'p s : (U £ es )° > C by 



(i) 



- JO) , , (i) 



A% s (h ai ) :=s p * , A£ s ( 

m 
my 



E A™(V it - m )t r ' 



gift) 
Q 4 (0) : 



where Q,(t) := t de ^ P^t- 1 ) (see OH 

fdj Por P = (Pj) ig / G C/[t]™, we define a C-algebra homomorphism Ap" : (U^ n )° 
E A ^«m)* m := ^^^^ : = E A^(^_ m )^"\ 



C 62/ 



m=0 



m— 



m i/ie sense that the left and right hand sides are the Laurent expansions of the middle term 
about t — and t = oo, respectively (see 1101/ §8). 

By EH §8, we obtain A| n = A£ s | (£>fln)0 (P e Ci[t] n ). For A e Z" (resp. ZJ 1 ), we set 
V7° s (A)j= K ros (A^ s ) (resp. V £ Rn (\)j= ^(Af*)). Similarly for P G C [t]™ (resp. Ci[t] n ), 
we set V7 os (P) := V; rcs (A£ s ) (resp. V; fin (P) := V; fin (A| n )) and call P "Drinfel'd polynomial" 

of y/ cs (P) (resp. v; fin (P)). 
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Theorem 4.7 (Q7], [8j Proposition 11.2.10). For any A £ Z™ (resp. Z+), V e res (X) 
(resp. Vj in (X)) is a finite dimensional irreducible U^ es -module (resp. U^ n -module) of type 
1. Conversely, for any finite dimensional irreducible Up s -module (resp. Uj} n -module) V of 
type 1, there exists a unique X £ Z" (resp. Zf) such that V is isomorphic to VJ es (A) (resp. 
Vf n (X)) as a U£ es '-module (resp. U^ n -module). In particular, for any X £ Z™, Vj irl (X) is 
isomorphic to VJ~ es (X) as a U^ n -module. 

Theorem 4.8 ([10] Theorem 8.2, 9.2, [14| Theorem 2.6). For any P E C [t] n (resp. 
<Ci[t\ n ), V([ es (P) (resp. Vf n {P)) is a finite dimensional irreducible Up s -module (resp. U^ n - 
module) of type 1. Conversely, for any finite dimensional irreducible U^ es -module (resp. 
U^ n -module) V of type 1, there exists a unique P £ Co[t] n (resp. Ci\t\ n ) such that V is 
isomorphic to V^ es (P) (resp. V^ n {P)) as U^ ei '-module (resp. U^ n -module). In particular, 
for any Pe Ci[t] n , V^ n (P) is isomorphic to V £ res (P) as Uff" -module. 

By the tensor product theorem, in order to understand the representation theory of U* cs 
(resp. U™ s ), it is sufficient to consider C/ e fin (resp. tf") (see PU] and Q7|). 

4.2 Drinfel'd polynomials of evaluation representations 

For to £ Z + , let V^ n (m) be the (to + l)-dimensional irreducible [/^"(sl^-module. By 
lHJSll , we can regard V e Rn (P) as f7 e fin (s[„ + i)-module (P £ C;[i]"). Then, by [Til] §7-9 (in 
particular, p. 321), we obtain the following theorem. 

Theorem 4.9 ([Tj)j). For any P £ Q[i](P ^ 1), there exist r,m s £ N and c s £ C x (l < 
s < r) such that 

V £ fin (P) S V e fin (Pi) »•••<» V e fin (P r ) (as a U^ish) -module) , 

where P = f£ =1 P s , P s {t) = - c s e m " +1 - 2p ) £ Q[i] (1 < s < r). In particular, 

Vj in (P s ) is isomorphic to V"/™(to s ) as a Ufi n (sl 2 )-module. 

By this theorem, we obtain the following lemma. 

Lemma 4.10. Let P £ Ci[t], to £ N. IfV^^P) is isomorphic to V e fin (m) as a U e Hn {s{ 2 )- 
module, then there exists c £ C x such that P(t) — Yi™=i(t ~ ce m+1 ~ 2p ). 

By using this lemma, we can prove the following lemma. 

Lemma 4.11. Let P = (P l ) ie i £ Ci[t] n , X = (Aj) i(EJ £ Zf. We assume V £ fin (P) is isomor- 
phic to V e fin {X) as a U^ n -module. Then, for any i £ /(P; ^ 1), there exists Ci £ C x such 

thatP l (t) = i\pU(t-c l £ X ' +1 - 2p )- 

Proof. Let vp be a highest weight vector in V E fin (P). Then vp is also a highest weight 
vector in V; fin (A). For i £ /, let (C/ £ fin )i (resp. (U Rn )i) be the C-subalgebraof U^ n (resp. 
Uf*) generated by {xf r ,h hS ,k ai \r,s £ Z, s ^ 0} (resp. {e l ,f i ,k ai }) and Wi (resp. Wi) 
be the (c7 £ fin )i-submodule (resjx (tf^-submodule) of V e fin (P) generated by v F . By (|2T7I) 
(resp. (|2.16|) '). we can regard Wi (resp. Wi) as a C/J n (sl2)-module (resp. ^"(s^-module). 
Then, by Lemma 7.6 in [TJJ, we obtain Wi = V Rn (Pi) as a [/^"(s^-module. Similarly (more 
easily), we obtain Wi = V Rn (Xi) as a [/^"(s^-module. So, by Lemma I4.1UI it is enough to 
prove Wi — Wj_for i £ I such that Pj ^ 1. 

By (J22J, Wi is spanned by {x~ ri ■ ■ ■ x~ Tm vp \ r\ , • • • r m £ Z,to £ Z + } as a C-vector 

space. By Theorem 14.81 we can regard V £ (P) as a [/^-module and define the weight 
spaces on V Rn (P) by the similar way to (|4.1fl . Then, by the relations of Drinfel'd real- 
ization, we have x~ r± ■ ■ ■ x^ r vp £ (V Rn (P))\- mai for any to £ N, n, • • • r m £ Z. So we 
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obtain Wi C (B m >o(^£ n (P))A-mc<i • On the other hand, by the assumption of this lemma, 
V e &n (P) is isomorphic to V; fin (A) as a 6f n -module. Hence, by O, V; fin (P) is spanned by 
{T\<eA + A«p I c e Zf+}. Since n< eA+ /? W «P G (K fln (P))£ 7£A+ 0(7)7. we have 

0(V; fln (P))A-m Qi - C/>p C Wt. 

m>0 m€S; 

Then we have W i = W l . □ 

Let (C/^f s ) (resp. (U^ n ) ) be the extended algebra of U^ s (resp. Uf n ) defined by replacing 
{Kp\(ji G Q} with {i^j/x G P} (see Definition [TT^ . By we obtain ev±{U% s ) C 

([/^ s ) (a G C x ). Hence, by Proposition ^. 61 we obtain the evaluation L^ n -homomorphisms 
(ev^ 11 )* : C/ £ fin — > (C/ £ fin )' defined by 

(ev« n ) ± (e l ) := e u (ev^fifr) ■= fi (ev^ n ) ± (fc AI ) := 

(evf )+(e ) := ae" 1 *^ [fn-i, ■ • • , [/a, Ale-! ■ • •]=-*> 

(ev^ n )-(/o) := a- 1 (-l)"- 1 E n feX 1 1 fc An [e„, [e„_ 1; • • • , [e 2 , ei ] B -i • • • ] e - 1; 

(ev« n ) + (e ) :=ae- l kllk An [h,[h,--- , [/„_i, /„] e -i ■ ■ ■ ] e -i, 

(evf H/o) := a-H-l)"- 1 ^^!*^ 1 ^!, [e 2 , • ■ • , [en-i.e^-i ■ ••],-!, (4.2) 

for i e I, fi e Q. For any A G Z™, we regard V e fin (A) as a (U^ n ) -module through these 
homomorphisms. Then the evaluation [/^"-representations are defined by the following 
method. 

Definition 4.12. Let a G C x , A = (Xi) ieI G Zf. We sef 

A A : ^\\,(A,.A,; (ieJ), (4.3) 
j'6-r 

a A := o£- Aa i +Aa " + '\ a A := a(-l)" +1 £ AA i- AA " +2 " +1 . (4.4) 

We regard Vj in (X) as a U^ n -module by using (ei^™)* and denote it by Vj in (X)^ . 

Since V^ fin (A) is irreducible as a f7 e fin -module, V; fin (A)± is a finite dimensional irreducible 
{/^-module of type 1. Thus, by TheoremEl there exists a unique = (P^Jiei G Q[t] n 
such that K fin (A)± S V** n (P±) as a £/ e fin -module. Let i 6 J such that P± a ^ 0. Then, by 

Lemma |4~TT1 there exist a (±ii) G C x such that P£\t) = UpLS ~ a (± , l) e A * +1 ^ 2p ). Around 
t = 0, we have 



m=l 1 a (±,») £ 1 d (±,*) £ 



= £ deg(Pf a ) _> 



(see jHj Corollary 4.2). Thus, by Definition ^. 61 (d). we obtain 

E Ap|(^)* m - - dcs(p - ) %7Tr = £Al + ( £Al - £ (^lif^r- (4-5) 

m=0 ~t,aW TO= 1 

Hence we can calculate a(±,i) explicitly by the computation of A p ± (Vv i)- Therefore, by the 
similar way to the proof of [7] Theorem 3.5, we obtain the following theorem. 
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Theorem 4.13. For A = (Aj)ieJ £ , a E C x , Zei P± = (P^Jiei G QM" SMc/l that 
Vs fin ( p t) - K fin Wt- Then ' f° r anyiel such that P± a ^ 1, we o6iam 



A, 



^a=II(*- eAi " 2P+la (^))' ( 46 ) 

a (± , i} := o" 1 ^-"), (4.7) 

i— 1 n 
fc=l fc=i+l 

Proof. We shall prove the case of Pj + Q . We can also prove the case of P~ a similarly. Let 
v + be the highest weight vector in ^"(P^). By Q2.8|) . for any i g I, we have 

e w+ - (-l) 4+1 e" +1 [/„, • • ■ [/i, • ■ • [/i-i.a^le-i • ■ ■] e -ik e 1 v+. 

Then we get 

e n e Q v+ = (-iy +1 e-^^ Afc +"+ 1 {e„/„[/„_ 1 , [• ■ • [fi-uxj^ ■ ■ ■ 

-£ _1 [/n-l! [' • • [fi-liXi^e- 1 ■ ■ ■] s -ie n fn}v+ 
= (_l)m e -E«, ^+"+ 1 {( fc 7_~ fc f )[/n-l, [■ • ■ [/i-l,^].- • • • 

-e _1 [/„_i, [• • • [/i_i,a;^i] e -i • • ■] e -i( g"_ )W 
= (-ly+^e-Z^ ^+«+!([A„ + 1] E - e-^KhWn-i, [■ ■ • [/f-i, ^xls-i • • ■],-!«+ 

By repeating this, we obtain 

e i ---e 1 e i+ i---e n e v + = e l {(-iy +1 e~ Xi+n+1 xY 1 v + } 

= (~iy +1 e- x ' +n+1 x+ Q x- 1 v + . (4.9) 

On the other hand, by l|4.2ll . we have 

e v+ = (ev^) + (e )u+ = a.+e~ 1 ItA 1 k]£[fn,[- • -[f2,fi] s -i ■••] e -iv+. 
Since (Ai — A„, 6) = 0, we have 

k ^i k ll[fn, [• ' ' [/2,/l] E -i •••]e- 1 = [/nJ"-[/2,/l] e -i • • • ] e -i &Ai 

Moreover, we have k^ 1 v + — e Xa iv + , k^ n v + = e Xa ™v + . So, by (|4.4|l . we obtain 

e w+ = a£ n_1 [/„, [• • • [/ 2 ,/i] e -i • ••] e -i«+. 
By the similar way to the above proof, we have 

e l+ i • • • e„e w+ = ae^=*+i Afc+7l-1 [/»i [• • • [/a, fi] e -i ■ • -] e -i«+. 
Here, we obtain 

ei[/», [•••[/2,/i] s -i = [/i, [• • • [/a, ei/i] s -i •••] E -iw + 



-1 



- {[/i, [• • • [/a, /iei] e -i • ■■]*-! + [/,, [• • • [/a, g _7 ] e -i ■ ■ • ] 6 -i}«+ 
= {[/i, [■ ■ ■ [/a, Ale-! • "le-iej + [/ i5 [■ ■ ■ [/ 3 , /ale-! • • -L-H^OK 
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By repeating this, we get 

e; • • • ei e l+1 ■ ■ ■ e n e v+ = (-l)"^-^^ ^-«-i)+E2= 4+I ^+«- 1 e 4 /,«+ 

= (-l) i - 1 ae- A(<> - i +"[A i ] e «+. (4.10) 
Thus, by (|4.9(l and I4.10jl . we obtain 

= (e - e~ 1 )%to x i,i v + = a£ Ai ~ AW ~ i_1 (£ Ai - e~ A *>+- 
On the other hand, by JO), we have = A^(^+ 1 )u + = a ( _ + 1 i) e Al_1 (e Ai - e~ Al ). It 

amount to EL(+.i) = a _1 e A< >+ \ □ 

For A = (Xi)iei G Z™, we set supp(A) := {« G / 1 A 4 ^ 0}. 

Proposition 4.14. Let A = (X l ) teI G ZJ\ o± £ C x . 

(ty If X = 0, then V £ fin (X)+ + is isomorphic to V e fin (X)-_ as a U^ n -module. 

(b) In the case ofX^O, V £ fin (X)+ + is isomorphic to V e fin (X)-_ as a U^ n -module if and only 

if a+ = a_e 2 ' A< for any i G supp(X). 

Proof, (a) is obvious. So we shall prove (b). By Theorem 14.81 V^ fin (A)+ is isomorphic 
to V; fin (A) a _ if and only if P+ + = P a . By |g3J and Theorem EE1 we obtain P+ + = P a 
if and only if a + = a_e 2 ( A< )+ ^ for any i £ supp(A). □ 

Proposition 4.15. Let X = (Aj)ie/ G Z" (A ^ 0), a± £ C x . Let i\, ■ ■ ■ ,i m £ I such that 

supp(X) — {ii, ■ ■ ■ ,i m } and «!<•••< i m . Then a + = a_£ 2 ( A< for any i £ supp(X) if 
and only if the following conditions (a) and (b) hold, 
(a) For any 2 < r < m, 

r-l 

X lr = (-ly^Xi, + {-IYh -i r + 2 ^(-l)''- 1+ ^ fe ^ (mod I). 

k=2 

{a_e 2 5Zr=i(^ 1 )' t lj *= if m is odd, 
a _ £ 2 (^ii+BfcL2(- 1 ) **) if m i s even. 

Proof. We assume a + = a_e 2 ( A<I>+ ^ for any i £ supp(A). Then e 2 ( A<l) +«) = £ 2 ( x< - 3) +i) f or 
any i,j £ supp(A). Hence, for 2 < r < m, we have \M — A( ,r_1 ' + i r — i r -\ = (mod I). 
By (|4.8|) . for 1 < r < to, we obtain 



i r — 1 n r— 1 

ik ■ 



fc=l k=i r +l k=l k=r+l 



Thus, for 2 < r < to, we get 

A (ir) - A^ ir -^ +i r - i r -i = X ir + X lr _ 1 +i r - i r _ 1 = (mod I). 
Hence (-l) r A ir - {-l) r - 1 X lr _ 1 = (-l) r - 2 i r -i + (-l) r - 1 i r . Therefore, we obtain 



(-lfA ir ee -A n + £{(-l)% - (-l)'" 1 ^., } = -K + ^{(-l)*" 1 ^ + (-l) fc " 2 i fc -i} 

k=2 k=2 
r-l 

= -A n +i 1 |(-l) r - 1 i r + 2^(-lf- 1 It (2<t<to). 
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Thus we have (a). In particular, if \i r is as in (a), then Xi r _ 1 + Xi r = i r -i — i r for any 
2 < r < to and Aw + i = + j for any i,j G supp(A). Hence, for 1 < r < to, we have 
A( ir ) + i r = \^ + ii = — J2k=2 K k +h- If to is odd, then we get 

m 

-^K+h = -(Ai 3 + A i3 ) 

k=2 

= (-*3 + *3) + 

Similarly, we have the case that to is even. Therefore we obtain (b) . So we can prove "only 
if part" of this proposition. The proof of "if part" follows the proof of "only if part" . □ 

Remark 4.16. For A = (Aj)j £ j G Z" , let V q (X) be the finite dimensional irreducible U q - 
module with highest weight A of type 1. For a G C x , let V q (X)^ be the evaluation represen- 
tation of V^(A) arising from ev^ (see ! 7l). In the case that q is not a root of unity, for any 
a± G C x , Kj(A)j is not isomorphic to V q (X)~_ if #(supp(X)) > 1. But, in the case that 
q is a root of unity, there exist A G Z" and a± G C x such that V^ n (A)„ + is isomorphic to 
V^"(A)o_ even if #(supp(X)) > 1 by Proposition \4-14\ \4~To] 



(K m -1 + K m ) + h 

m 

h (-im-l + im) +h = y^(-l) fc ~^fc. 

fc=l 



5 Evaluation representations of non-restricted type 

5.1 Schnizer modules and evaluation representations 

We fix the following notations. Let N :— \n(n + 1) be the number of the positive roots of 
stn+i- Let Vjv be a Z^-dimensional C- vector space and {v(m) G Vjv I m — {mi,j)i<i<j<n G 
Z^} be a C-basis of Vat. For to G Z^, to G Z n , we set v(m + Im ) := v(m). For i, j G I, 
we define 6jj , ctij G Z^ by 

i i 

■= (Si,rSj, a )l<r<s<n (« < j), <Xi,j ■= ^ Efc-l.ra-t+fc ~ / J efc |H _i + fc (j < i), (5.1) 

fc=i+l fc=j 

where is the Kronecker's symbol. For i,j G /, a = (di,j)i<i<i<n € (C x ) Ar , c = 
(cij)i<i<j<n G C w , we define 

3-1 3 

Mjj(c) := ^ (cj,fc — Ct_i,fc) +y^(cj,fc — Cj + i,fc) (i<j), (5.2) 

fe= j— 1 fc — Z 

Nij(c) := Cj-_i, n _i + j - Cj, n -i+j (j < i), (5.3) 

n n n 

/Xi(c) := Cj_i 5 fc - 2y^Cj,fe + Ci+i,fc, (5.4) 

A;— 2 — 1 A;— i fc=«+l 

a ( c ) : = n ( 5 - 5 ) 

l<!<j"<n 

where Cjj = if the index (j, j) is out of range. 

Theorem 5.1 (|22] Theorem 3.2, (22]). Leia = (oi,j)i<i<i<n 6 (C x ) Ar , 6 = (&i,j)i<i<j<™ G 
C w , and A = G C n . Then th ere exists a <C-algebra homomorphism p :— p(a, b. A) : 
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U € — ► End{V^) such that for i 6 / and m £ 1^ 

i 

p(Ei)(v(m)) = ^a(a ij )[A r ij (m + b)] e v(m + a itj ), (5.6) 

3=1 

n 

p(Fi)(v(m)) = J~] djj [Mi j (m + b) - Xi] e v(m + e itj ), (5.7) 

3=i 

p(K ai )(v(m)) = e^ m+ V +Xi v(m). (5.8) 

We denote the /^-dimensional J7 e -module associated with (p(a, b, A), Vjv) by V £ (a, b, A). 
We call K(a, 6, A) a "Schnizer module". 

Now, for i £ I and r = (n, ■ • • ,r,) € I 4 , we set 

:= [F, [••• [F 2 , Fi] e -i ■••].-!, E 6i := [Fi, [• ■ ■ [F 2 , £?i] e -i • ■ ■ ] e -i , (5.9) 

i i 

£r := y^e fcirfc , a r := y^Qfc,r fc - (5.10) 
fe=l fc=l 

For 1 < s < i, we set 



F s 
J? 



{rt = {r s hi , • ■ ■ , rli) G F | > • • • > r s s _ M > r* 4 < rj +ljj < • • • < r? J, 
K = (rli, ■ ■ ■ ,rl) G F 5li | k < rt t < n for 1 < k < i}, 



Rf /.',' : LR- (5.11) 



Moreover, for c G C^, set 

s-l 



Cifer?) := .(c) - E W e 

fe=l fc=s+l 



s-l 



A^rf):^^,^)- J] W^,). (5.12) 

fe=l fc=s+l 

Lemma 5.2. Let a = {a itj )i<i<j< n G (C x ) w ; 6 = (&i,j)i<»<j<n G C w ; A = (Aj) ie i G C n , 
i E I , and m = (rriij)i<i<j< n G Z^. VFe /iaue 

F^(m) - ^ (-ir+ s a(e rf )e c * (m+h ^ ) - A<S ' l)+1 - s [M s<i (m + &) - A.] e v(m + e r .), 

rfeflf 

F 0i *;(m) = J2 (-l) l+s aK0e Ds(m+ "' r * )+1 " s [iV S!l (m + 6) - A s ] £ «(m + a P .), 

m K(o, 6, A), where \ {s ^ := X)fc=i ^fc ~ EL s +i A fe- 

Proof. We shall prove the F^-case by the induction on i. We can prove the F^-case 
similarly. If i — 1, then we have 

F ei u(m) = ^ o(e lir i i )[M 1)J .i i (m + 6) - Ai] e u(m + e 1>r i J. 
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We replace r\ x with j. Then we obtain 

n 

F 9l v(m) = y^g(ei,j)[Mi iJ -(m + b) - Xi] E v(m + aj) = Fiv(m). 

3=1 

Now we assume that i > 1 and we get the case of (i — 1). For i < j < n, r|_ x G we 
set 

M(r?_ 1 ,j) := [M,, r . i( _ i (m + 6) - A s ] £ [M i;j (m + 6) - A, + M^e^Jk 

-£ Ci - l(ei ^'' r » S - l) - 1 [M s<i _ i (m + 6) - \, + M atTlt _ 1 (e i j)] e [M i>j {m + b) - A»] £ . 
Then, by the assumption of the induction, we have 
F 0i w(m) = [i^,F ( , i _ 1 ] £ -iw(m) 

n 

= E E (-l)^- 1 ^^^- 1 ^ 6 ^ 
Now we set 

f 1 if j > 3 \ fl if 7 < j' 

£0 > 7 ) := S , £ 7 < 7 := < / 

SU ^ \0 i£j<j, J J \0 if J </. 

Then, for any 1 < i < j ; < n, 1 < i < j <n, we get 

Mijte'j') = Si-ijtU > 3) + S it tt(j > 3) + 6 iti ,£{j > /) - S i+1 .,£(j > j'), 

Hence, for any i < j < n, 1 < s < i — 1, r*_ 1 G we have 

Mijier-^) = -£(.? > rf_i,i-i), M s ^ t i (e h3 ) = -5,^(^1^ > j), 
Ci-ifa^rU) aje^Li-i > j). 

Thus, we have 

M(rf_ l5 j) = [M sK i i {m + b) - X s ] £ [M itj (m + b) - A, - £(j > r^.Jk 
-e c(< - 1> ' )c(r '-^'-^ J ' ) - 1 [M a , I .. il _ 1 (m + 6) — A s — ^^.^(rjzi,^! > j)] E [Af u (ffl + 6) — A, 

Since [c] e — e _1 [c — 1] £ = e c_1 and [c — l] e — e _1 [c] e = — s~ c for any c G C, we have 

M(rU,3) = -^(^[M,, r . M ( m + 6) - A s ] e (a < i - 1, r^,^ < j), 
MK^jHO (a < i - 1, j < rU^), 

M(rtzl,j) = e^t--U) [Mi . {m + b) A,] £ , (j < r^J, 
where M(r^l{, j) := M i _ 1 r i-i (m + b) — Aj_i — 1. Therefore we obtain 

FeMm) = E E (-l)^^^, +e, J )£ Ct - l(m+b ' r '- l) ~ M - (m+bKA(S " )+1 " s 

[Ms^s .^m + b) - X s ] £ v(m + e r s_ i + e itj ) 
+ Yl E (-l) i+i a(e ri -i+e iJ )e c *- 1 ( m+6 ^= 1 1 )- M -^ m+6 )- A(M)+1 - i 

[Mij(m + b) - \i] e v{m + e r «-i + e i; j). 
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Here, if we set 

s = ( s s \ __ j( r U-i> ■ ■ ■ >?f_ M _i, j) if s < i - 1 and j > rf^ ^ 

1 \{r\-^...,rtl\,_ 1 ,j) if fl = »andi<rti, i _ 1 , 

then we have i^-case. □ 
For s G I, we set 

R s := {r s = (rI) feeJ G 7" | rf > ■ • • > r|_ x > rj < rf +1 < • • • < <}, 
-Rf : = i 1 " 3 = ( r i)iei E R s \k <r s k <n for any k G I}, 
Rf := {r s = (rf ) <e i G R a | 1 < r£ < k for any fc G /}, 

n n 

:= [J iZf , i? £ :=U^f- (5-13) 

s=l s=l 

Note if r s = (r|)fc e i G i?f (resp. -Rf'), then r| = k for any s < k < n (resp. r| = 1 for any 
1 < k < s). Moreover, for c G C w , we set 

n s— 1 r£ — 1 s rj_! 

C(c,r s ) := C s _i, s _i - Cn,n + ° l k + Cfc >P _ Ck * ( r * G 

fc=l fc=lp=r= + 1 k=lp=r° + l 

n n 

£(c,r s ):=- c X,k~ ^ {Crl-hn-k+rl-Cr^n-k+rO (r s G -Rf'), (5.14) 

fc=n-s+2 fc=s+l 

where := n. Then, by Lemma 15.21 we obtain the following lemma. 

Lemma 5.3. Let a = [a it j)x<i<j< n G (C X ) N , b = (bij)i<i<j< n G C^, A = (Xi) ie i G C™, 
and m = (rai.j)i<Kj<n G Z; . We /lave 

F flB »(m) = 51 (-l) s+ MerO£ C(m+& ' rS) ~ A< '' >+1 ~ s 

[-m s _i lS _i + rn s , s - fes-i^-i + 6 S , S - X s ] £ v(m + e r ,), 
Eg n v(m) = J2 (-l) s+n aK0^ (ro+6,rS)+1 " s [-Wi,„- s+ i-6i, n - s +i]^(m + a rS ), 

m V^(a, b, A), where as in 14-81) . 

Let [/^ (resp. U e ) be the extended algebra of U A (resp. f7 e ) defined by replacing 
{Kfj, \fi G Q} with ||U G P] (see Definition EHl) . By (fSTTH|) . we have ev±{U A ) C t/^ 
(a G C x ). So we obtain the evaluation homomorphisms ev^ : {/ E — > ?7 e as in Proposition 

Ea 

On the other hand, by l|2.1|) . we can regard an arbitrary Schnizer module V £ (a,b,X) as a 
[/^-module if we define 

K At v(m) := £ -£2= < (™<,*+fc,*)+AA jw ( m ) ) (5j 5 ) 
for any i G /, m G Z^, where Aa 4 as in 14.3( 1 . 

Definition 5.4. Le£a = (aij)i<i<j<„ G (C x ) Ar , & = (6»,j)i<»<i<n 6 C^, ^ = (■*»)»£/ £ c ™> 

and a G C x . TTien we define evt '■= evt(a, b, A) := p(a, 6, A) o eir^ : U £ — ► EndiVpf), where 

a ± 

p = p(a,b, A) is as m Theorem \5.1\ and a± are as in {4-4\f - We denote the l N -dimensional 
U £ -module associated with (ev a , Vn) by V e (a, b, A)„ . 
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For c G C , we set 

s-i rj-i s '1-1 

C E (c,r s ) :=c s _i, s _i +^ ^ c fc , p -^ ^ c fe , p (r s e i?f ), 

fc=lp=r= + 1 fc=lp=r=+l 
n— s+1 n 

-Df(c, r s ) := -Cn,„ + ^ c llfe - (c r =_i ! „_ fc+r = - c r | ! „_ fc+r . ) (r 5 G i?f ). 

fc=l fc=s+l 

(5.16) 

Theorem 5.5. Let a = (a^i^xn G (C X ) N , b = (&ij)i<i<j<n 6 <C N , A = (A<)<e/ £ C n , 
and a G C x . Then, for any i £ I and m G Z^, we obtain 

eVa(E t )(v(m)) = p{E i ){v{m)), ev^(Fi)(v(m)) = p(Fi)(v(m)), 
eVa(K ai ){v(m)) = p(K ai )(v(m)), 

ev±(E )(v(m)) = a ^ (-l) s +"a(e ra )£ ±(CE(m+ ^ rS) " A<S>_s)+n 

[— m s _i, s _i + m S)S - & s -i, s -i + 6 S , S - A s ] e u(™ + e r »), 
™t(F )(v{m)) = a- 1 ^ (-l) s - 1 a(a r ,)e ±(DF(m+& ^ ) " s+n+1F " 

[-m liB _ s+ i - bi tn - s ] e v(m + a r »), 
where e r s,a r s as in \5.1U\) . R F ,R E as in f5.iy\) . and Ce(jti + b,r s ), Dp(m + b,r s ) as in 

Proof. By Proposition ^. 61 Thcorcm l5.ll Lemma l5~3l and l|5.15|l . we obtain the ev^-case. 
Similarly, we obtain the ev~-case. □ 

5.2 Nilpotent modules 

Definition 5.6. Let V be a U £ -module (resp. U e -module). We assume Ep = Fp = E^ ^ — 
F(i,sU) =OonV for any (3 G A+, i G I, s G N (resp. E l = Fl f — on V for any 7 G A + ). 
Then we call V "nilpotent" U e -module (resp. U e -module). In particular, if K 1 ^ — 1 on V 
for any p G Q, then we call V nilpotent U £ -module (resp. U E -module) of "type 1". 

For A G 1\\ let K fin (A) be the [/^"-module in §4.1. By Proposition EHI we can regard 
V^ n (X) as a nilpotent [/^-module. We denote f/ e -module V e fin (A) by V^ ml (A). By Proposition 
13. 141 and Proposition ^. 71 we obtain the following proposition. 

Proposirion 5.7. For any A G Z" 7 VJ 1 (A) is a finite dimensional irreducible nilpotent 
U E -module of type 1. Conversely, for any finite dimensional irreducible nilpotent U e -module 
V of type 1, there exists a unique A G Z™ such that V is isomorphic to V™ l (X). 

We can construct ^"''(A) as a i7 e -submodule of Schnizer module V e (a, b, A) as follows 
(12, EH)- For i,j el (i< j), A G Zf , we set 

ag>:=l, &g>:=0, «<°»:=(«5)i<Ki<n, & (0) == Q>[%<i<i<n, (5-17) 
p A :=p(a(°),6W,A) ; V^°(A) := V s (a ( -°\b^°\X). (5.18) 
We denote u(0) in V;°(A) by v\(0). For A = (X t ) teI G Zf , we define m A = (m^-)i<i<j<n £ Zf 

by 

TO *j = X! A i-fc+i ( mod 1 < * < J < (5-19) 
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Proposition 5.8. Let X G Zf and v e K°( A )- 

(a) We have EiV = for any i G L if and only if v € Cua(O). 

f&J We /iawe i^u = /or any i € I if and only if v € Cv(m A ). 

Proof. By p^, we obtain (a). So we shall prove (b). 
"If part". By ijOty . we have 

m M - ™f-M-i = Ai, m A j - m^Lj = Aj-i+i, - m x +1J = -Aj-i, (5.20) 

for any 1 < i < j < n. Hence, by Q5.2p . we get 

i-i j 

k—i k=i-\-l 
i-l i 
= Aj + Afc_i + i — ^ Afc_i) = Aj, 

for any 1 < i < j < n. Therefore, by (|5.7|l . we obtain 

n n 

F t v(m x ) = ^[M„(m A ) - A,-] e i;(m A + = ^[A, - X l } e v{m x + e id ) = (i e I). 
i=« j'=* 

"Only if part". Let w = X^mez" c m,v(m) G V r (A)(c m G C). We assume that i^u = for 
any i G 7. Set 

Z[ l (r) :={m=(m iJ ) 1 < I < J <„eZnm 1J =m A J if j - i < r} (r = 1, • • • , n), Z?(0) := Zf. 
Then we have 

Zr = Zr(0)DZr(l)D---DZr(n) = {rn A }. 

We shall prove that there exist c m (m G Zf(r)) such that « = S m ez™(r) c mv(m) by the 
induction on r. Indeed, if we can prove this claim, then we obtain v = c m \v(m x ) G Cv(m x ). 
If r = 0, then there is nothing to prove. So we assume that r > and we obtain the case of 
(r- J). _ 

By the similar way to the proof of "if part", for any m G Z"(r — 1), we have M,j(m) = Aj 
if j — i < r — 1. Moreover, for any m G Zp(r — 1) and i £ / such that i + r — 1 < n, we get 

i+r-2 i+r-2 i+r-1 i+r-1 

Mi,i +r _i(m) = - mi_i,fc+ m^fe - ^ m i+i,k 

k—i k—i — 1 k—i k=i-\-l 

= M M+r _i(m A ) - ///, i.,., j + mi, i+r-i + rn x _ lji+r _ 2 - m A i+r _ 1 

= Aj — mi_l,i+ r _2 + '™i, i+r-1 — A,; +r _i. 

Therefore, by (|5.7() . we get 

FiV = ^2 c m [m iii+r _i - TOi-i, i+r-2 - A i+r _i] e w(m + e M+r _i) 

meZ^(r-l) 

71 

+ ^ ^ c m [M,j(m) - Ai] £ u(m + eiii ) = (i < n - r + 1). (5.21) 

j=i+r m£Zp(r— 1) 

Now, for 1 < s < n — r + 1, we set 

Z?(r - l,s) := {m = (mij-)i<i<i<n £ Z?(r - 1)| 

m^j+r-i - TOi-i,i+,—2 = Ai +r _i (mod ?) if s < i < n - r + 1}. 



24 



We have mj^+r-i — m,-_i l j+ r _2 = \i+ r -i for any l<i<ra — r+lif and only if rriij +r -i — 
m ii+r-i f° r an y — r + 1. Hence we get 

Z[ l (r - 1) D Zf(r - l,n - r + 1) D ■ ■ ■ D Z\ l {r -1,1) = Zf (r). 

So it is enough to prove that there exist c m (m 6 Z™(r— 1, s)) such that t; = Smez™(r-i s) c mv{m) 
for any 1 < s < n — r + 1. We shall prove this claim by the induction on s. By (|5.21|) . we 
obtain 

Fn-r+lV = (inK-r+1,11 " ™n-r,n-l " A„] £ li(l71 + f„_r+l,n) = 0. 

meZ™(r-l) 

Thus, c m [m n -r+i,n - wi n -r,n-i - A„] e = for any m S Z"(r - 1). So if c m ^ for any 
in e Zf(r - 1), then m„_ r+ i,„ - m„_ r ,„_i = A„. Hence v = Y^ m ez n (r-i,n-r+i) c m v{m). 
Now we assume that s < n — r + 1 and we obtain the case of (s + 1). By (|5.21|) . we get 

F s v = ^2 c m [m s , s+r -i - m s _i )S+r _ 2 - \ s+r -i] s v(m + e S;S+r ._i) 

m6Z^(r-l,s+l) 

+ 51 51 c m [M SJ (m) - A s ] £ u(m + e Stj ) = 0. 

J = s+r m gZp(r-l,s+l) 

Here, for m = (mj,j)i<i<j<n G Z"(r — 1, s + 1), we obtain 

(m + e s ,s+r-l)s+l,s+r — {m + £s,s+7'-l)s,s+r-l = (™s+l,s+r _ ?™s,s+r-l) — 1 

= A s+r — 1, 

(m + £ s .j)s+l,s+7- — ijn + <+j)s,s+r-l = ™.!S+l,s+r — "ls,s+r-l 

= A s+r (s + r<j<n). 

Hence, by the linearly independence, we obtain c m [m SiS+r _i — 777 s -i,s+r-2 — ^s+r-i]e = 
for any m £ Z™(r — 1, s + 1). So if c m + 1 0, then m s s+r _i — m s _i, s+ . r _2 = A s + r _i for any 
m E Zf(r -l,s + 1). Then we have v = E me z»( r -i. s ) c m v(m). □ 

For A e Z™, let V e °(A) be as in flHS)) and L^ U (A) the f7 e -submodule of V £ °(X) generated 
byux(O). 

Theorem 5.9 (DQ^EH)- For an V A 6 & isomorphic to V £ ml {\) as a U e -module. 

For a 6 C x , A S Z", let V r £ °(A)a (resp. L^^A)^) be the evaluation representation of 
V°(X) (resp. L""( A )a) (see Definition ICTI) . Then Lf(\)± is the £/ e -submodule of V°(\)£ 
generated by v\(0) respectively. 

Now, let (f) '■ U £ /I e — > U £ n (resp. <j) '■ U £ /I e — ► U £ ) be the isomorphism in Theorem 
I3.15l frcsp. Proposition ^. 14[l . Let I £ be the two sided ideal of U e generated by {E^, F^K^ 1 — 

1 1 7 G A + , /i e P}. Then we can regard 4> as an isomorphism from U £ /I £ to (Uf n ) . Let 
7? : U £ — ► U £ /I £ (resp. ir : U £ — ► U £ /I £ ) be the projection and evj : U £ — ► U £ (resp. 
(eva")" 1 " : U £ n — ► (U £ n )') the evaluation homomorphism in Proposition 12. 61 fresp. (14.21) )). 
Then, by the definition of these maps, the following diagram commutes: 

Ue u: 



Ue/Ie U' £ /l' £ (5-22) 
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Proposirion 5.10. For any a G C x and A G Z™, L™'(A)J is a finite dimensional irreducible 
nilpotent U £ -module of type 1. 

Proof. We shall prove the case of (A)+. Since we can prove the case of L^ ll (X)~ 
similarly. By Theorem^! Lf l (X)+ is a finite dimensional irreducible /7 e -module of type 1. 
So we shall prove that L™ 1 (\)+ is a nilpotent [/^-module. 

For A € Zf , let p° as in ETTSTl . We define p° x : U'jl' £ — ► End(L» u (A)) by p° x (u + I £ ) := p° x (u) 
for any u G [/ e . Since (A) is a nilpotent f/ e -module, p° is well defined. Then, for any 
u G U £ , v G ^"''(A), we have u.v = pP x o ir(u)(v) on ^"^(A). Hence, for any u G U e and 
v G L° U (A)+, we get 

u.v = (P x ono ev+(u)(v) = p° o (^)-i o (ev a n )+ o o *(«)(«) on if (A)+ 

by ijEHJl. Since 5?(J e ) = 0, we obtain 7 £ = on Lf x (A) a . Therefore £f(A)+ is a nilpotent 
Z7 £ -module. □ 

By Theorem 13.151 and Proposition 15.101 we can regard L™ ll (\)^ as a tf n -module. We 
denote f7 e fin -module Vf(X)± by L^ n {\)±. Let P a be as in g3J and Vf n (P a ) the evalu- 
ation representation of U £ n in §4. Then, by Theorem 14.131 l5~T)l L|J n (A) a is isomorphic to 
V^ n (P^) as a [/^"-module. Hence, by Proposition ^. 141 we obtain the following proposition. 

Proposition 5.11. Let A = (Aj) ie / G Zf, a± G C x . 

(^aj If X = Q, then L™ 1 (\)+ + is isomorphic to L™ l (X)~_ as a U e -module. 

(b) In the case of A ^ 0, L™ (A)^, is isomorphic to L™ ll {X)~_ as a U e -module if and only if 

a + = a_e 2( - A< /or any i G supp(X). 

5.3 Alternative proof of Proposition [5.111 (b) 

We can also prove Proposition l5 . 1 II (b) without using the theory of restricted type. We give 
here the alternative proof. 

"Proof of only if part". We assume that Lf\X)+ + ^ Lf 1 (A) a _. Then there exists a 

[/^-module isomorphism <fi : (A)+ — ► L" (A) a _. By Proposition 15.81 fa), there exists 
d G C x such that 4>(v\(0)) = du A (0). Since if (A)J is generated by t> A (0) as a J7 £ -modulc, 
we obtain 4>{v) = dv for any v G L^ ll (A) a+ . Hence we have 

ev+ + (£ o )«A(0) = rf-V(ev+ + (£J )wA(0)) = (T^y-J^MO)) = ev a _ (£ )« A (0). (5.23) 

For c = (ci^Oi^i^xn G C^, r s G let C E (c,r s ) be as in fS~TS)) . Then C E (0,r s ) = 
for r s € R F . By Theorem 1531 we obtain 

ev± (3>)«A(0)=a± £ (-l) s+n ^ {XM+s)+n [-K}sv(er>). (5.24) 

Since {w(e r s ) | r s G i? F } is linearly independent, by l|5.23|l and (|5.24|) . we have a_|_e _A " _s [A s ] £ 
a_e A< >+s [A s ] e for any s G /. Hence a = a + e 2 ( A< +l ) for any i G supp(A). 

"Proof of if part". We assume that a = a + e 2 ( A< +*) for any i G supp(A). By the 
definition of ev a± , we have ev^ + (Ei) — ev~_(Ei), ev^i^) = ev a _(E l ), and ev^ (K ai ) — 
ev a _ (A" Qi ) on V^ nil (A) for any i £ I. So it is enough to prove that ev^ (E ) = eVjL (^o) and 
evt + {F ) = ev a _ (F Q ) on ^ £ nil (A). By {SM, we obtain ev+.(^)« A (0) - cv a _ (E )v x (0). On 
the other hand, for any ji, • • • j r G I(r G N), we get 

ev+ (E Q )(F h ■ ■ ■ F jr v x (0)) = ev+ + (F h • • • F ir )(ev+ (£b)« A (0)) 

= ev"_ (F A • • • ^ v )(ev-_ (£ > A (0)) = ev~ (E )(F n ■ • • F jr v x (0)). 
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Since ^"^(A) is spanned by U e v\(Q) as a C-vector space, we obtain ev a+ (E ) = ev a _(Eo). 

Now, for c = (<k,j)i<i<j<n G C N , r s £ R E , let D F (c,r s ) be as in Proposition 15.51 and 
m x be as in l|5.19|l . Then, for any r s £ R E , we have 

n — s+1 n 

D F (m x ,r s ) = -m x ;n + ^ m A ife - ^ (m^._ liTS _ fc+r » - m A s in _ fe+r s) 

k=l k=s+l 
n n— s+1 n 

k=l fc=l fc=s+l 

(see ^5.20p ). Hence, by Theorem 15 .51 we get 

ev± ± (F )v(m x ) = a ± x ]T (-l)- 1 e ± ( A(n ~* +1) -* +B+1 )- n [-A n _ a+ i] e t;(m A + a r .). 

By the assumption, if A rl _ s +i ^ 0, then we have a + = a_e 2 ( A< " s+1) +(™- s + 1 )) So we obtain 

„-l_A ( "- s + 1) -s+n+l _ -l c -2A ( "- s + 1) -2(n-s+l)+A ( "- s + 1) -s+ri+l _ — 1 — (A*"~ s + 1 '— s+n+1) 
CI | c — <A c — cl c 

We have that ev^ + (F )w(m A ) = ev a _ (F a )v(m x ). 

On the other hand, by the similar way to the proof of Proposition 5.6 in [23 , we obtain 
that there exists a nonzero vector vl £ (A) such that i^^i = for any i £ I. Hence, 
by Proposition 15.81 (b). we obtain v(m x ) £ (A). Then L^ ll (\) is spanned by U+v(m x ) 
as a C-vector space. Therefore, by the similar way to the proof of E^-case, we obtain 
ev+ (F ) = evZ_(F ) on Lf(X). ' □ 
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